
Q .
I

Let S be a closed surface enclosing a region R in 1123
.

(a) Show that the volume enclosed is given by
V01 IR) = f- fgtr- it - ñda

where I = IX. y , t) and c- is a constant vector.

(b) Hence , show that if M =diameter of S : = max{ Ix -y l ix.yes}

V01 IR) £ § M Area IS) .



Solution :

(a) Consider a vector field F which has div F- =3 . The easiest

choice is Flxiy .⇒ = IX. y , 7) = F- c-

Them by the divergence theorem , we have

/ 3d V = fit-e) • ñdor
R

3 v01 IR) =/ gli - E) - ñdor

V01 IR) = § /gtr - E) • ñdor

Ib) v01 LR) = tfgfr- E) .ñdN
= } /Sir- g-ñdoy
a- 1-3%18-0 - ñldor

t })g IF - c-llñldr ( Cauchy -Schwarz)

(choose c- to be any fixed pt on s)
⇐ §M§1dr (151--1)

=§M /treats)



Q .2

Let Dept be an open set with compact closure .

Suppose f- : D- ✗ [0.x]→ 1123 be a Cd function satisfying

{¥-
IX. y , t.tl = c o fmlxiy , 2- it) , 4.y , t.tc-rx-o.sn]

Dñlxiy .⇒ f- 1×14,2-1 = 0 for IX. y , 2- it c- 252 ✗ Eo ,a ]

where 0g = div 171g) , c> 0 , m > I are constants .

Show that fsfdv is independent of time .



Solution :

¥ / sfdv "="fs¥dv
=

fsdivlfmldv-fysxfm.ndor-fg.am/-m-17f.ndr--fgrmfm-1Dnf-
done

=D since Dnf -_ 0 on 252 .



Q . }

Prove The Stokes
'
theorem for the following special case :

• SUIS is the graph of a C
'

function f : → 1123 with

fldu) =D

o F is a d- vector field defined in an open set U containing suds

by Flxiy . 2-1=10,0 . PIX.y.tl) .



Solution :

Let rltl-lxltl.yltd.tt -10,1] be a parametrization of JU .

Then a parametrization of JS is

81+7=1×11-7 , ylt) , f- 1×11-7 , ylt))) , 1- c- [0,17 .

Then

fgg F.di =/¥08 ) dd-tf-lxltl.ly It))dt
0

=/

ftp.t/lfxx'tfyy)dt=fPfxdxtPfydydU--fu(Pfy7x-lPfx)y)dA=fuPx
fy + Pfyx - Pyfx - Pfxy )dH

=/ulpxfy - Pyfx)dA



On the other hand , S is parametrized by 4 : y→ 1123
,

41x.yt-lx.y.flx.gs)
Then Y×= II. Oifx)

Yy= 10,1 > fy)

4××4y= 1- fx ,
- fy , 1)

DX f- = (Py , -Px , 0)
'

'

' f
,

✗ F) ' ndr

=/ ulpy ,
-Pxio) - tfxify , 1) DA

=/ulpxfy - Pyfx)dA

'

'

' fggfidr =/ gtx F) andor


